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Abstract - The purpose of this work is to formulate and prove some straightening identities
in the Onsager algebra. Our identities allow one to rewrite specific products of basis elements
as linear combinations of products which are in a different order. Such identities could be
helpful in understanding the representation theory of the Onsager algebra.
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1 Introduction

The Onsager Algebra is named after the Nobel Prize winning physical chemist and theo-
retical physicist, Lars Onsager. He is most known for the analytic description of the two
dimensional Ising model in a zero magnetic field, [9]. This model was used to describe
ferromagnetism in statistical mechanics. It was also able to model critical behaviors of
many different physical systems.

More appropriate mathematics in quantum mechanics replaced the Onsager algebra
and it was unused until the formation of the Dolan-Grady relations, [3]. These relations
utilized a linear combination of variables with non-linear properties which complemented
the Hamiltonian in quantum mechanics, [6]. In 1978, Perk proved that the Onsager
algebra and Dolan-Grady relations were identical, [I0]. El-Chaar summarized much of
what was known about the Onsager algebra and through a series of proofs demonstrated
its relationships to other well known mathematics, including the isomorphism between
the Onsager algebra and the Dolan-Grady relations, [4].

The Poincaré-Birkhoff-Witt (PBW) Theorem is a well-known result, which can be
found in standard references such as [1]. It tells us that given a particular order on
the basis of a Lie algebra L, we can reorder any product into a linear combination of
products in that order, but it does not tell us what exact linear combination we will
get after reordering, meaning straightening the product. Straightening identities, which
are explicit formulas detailing the results of such reordering, are needed to understand
the representation theory of the Lie algebra in positive characteristic. Such identities
for a simple complex Lie algebra g were formulated and proved by Kostant in [7]. In
1978, Howard Garland extended these identities in a limited way to the loop algebras,
g @ C[t,t71], [B]. The Onsager algebra is a subalgebra of the loop algebra for g = sly.
In 2011, the first author generalized Garland’s identities to the general map algebra case
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g ® A, where A is any associative commutative complex algebra with a unit, [2]. The
essence of this work is to formulate and prove such straightening identities for certain
products in the universal enveloping algebra of the Onsager algebra.

2 Preliminaries

Let C be the set of complex numbers, Z be the set of integers and N be the set of positive
integers. We recall the definition of a Lie algebra over C given in [IJ.

Definition 2.1 A vector space, L, over C, with an operation |.,.] (called the Lie bracket),
1s a complex Lie Algebra if the following axioms are satisfied for all x,y,z € L and all
ceC:

[z +y,z] = [z,2]+ [y, 2]
lcx,y] = clz,y]
[z, y+2] = [z,y]+ [z, 7]
[z, cy] = clz,y]
[z,2] = 0
[, [y, 2]l + [y, [z, 2] + [2, [z,9]] = O

The first four axioms above imply that the Lie bracket is bilinear and the last axiom
is called the Jacobi Identity.

Let C[t*!] = C[t,t™!] be the set of complex Laurent polynomials in one variable. Then,
given a complex Lie algebra L, the loop algebra of L is the Lie algebra L @ C[t*!] with
Lie bracket given by bilinearly extending the bracket

[z ®a,y @b = [r,y] ©ab

where x,y € L and a,b € C[t*!].
Let {e, f, h} be the standard basis for the Lie algebra sly, consisting of all 2 x 2 matrices
with trace zero and Lie bracket given by [A, B] = AB — BA (the commutator bracket).

% 0 1 0 0 10
o) r=(o)=6%)

Definition 2.2 The Onsager algebra of sly, O(sly), is the Lie subalgebra of sly @ C[t*!]
which is stabilized by the automorphism T : sly @ C[tF!] — sly, ® C[t*!] given by

Recall that [e, f] = h.

e@th — —fot*
fRth— —ext™*
hott s —hot™*

where k € 7.
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Given j € Z and k € N define
x; =e@t! — f@t™
w,=h® (t"—t7").
Proposition 2.3 (El-Char, [4]) A basis for O(sly) is given by the set

{z;,wy, | JE€Z, ke N}.

2.1 The universal enveloping algebra

Given a Lie algebra, L, let U(L) be its universal enveloping algebra.

Notice that [z, Zm] = Wn_n, (W, Tm] = 22, — 225,, and [w;, wg] = 0. Thus z,,,
Zpn, and w; do not commute in U(O(sly)), but w; and wy do commute. In this work our
preferred order on the basis for O(sly) will be to first order the z,, in descending order of
the subscript and then put any w; at the end.

Definition 2.4 Given u € U(O(sly)), define the kth divided power by

k

u® = % € U(O(shy)).

3 Straightening Identities

Definition 3.1 Define the tangent numbers, T,,, as follows:

o Tt 228 1620
tan:r—z:l—(Qn_l)!—ijTjL 5l +

In other words, the T,, are numerators of the numerical coefficients in the Maclaurin series
for the tangent function. So 77 =1, Ty = 2, T3 = 16, T, = 272, etc.

Before stating and proving our straightening identities theorem we state and prove the
following necessary lemma, which, to our knowledge, has not been proven previously.

Lemma 3.2 For allb,r € N and ¢,d € {0,1} not both 0,

b—1 :
T r—21—c T

2T 1Tyl . ) = d)T; )

2 2Ty (2@+C)(2(b—z—1)+d> (c+d) b“(zb—2+c+d>

=0

Proof. If 2b — 2 + ¢+ d > r, notice that both the right hand side binomial coefficient
and the second binomial coefficient on the left hand side are degenerate, meaning that
they have the form (Z) where k£ > n, and hence that they are equal to 0 by definition. So

assume that r > 2b — 2+ ¢+ d. Then none of the binomial coefficients are degenerate and
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we have:
b—1

T r—2—c
2T 1Ty .
2 2T <2 —|—c>(2(b—z—1)+d)

=0

b—1
r 2b—2+4+c+d
(Qb—Q—I—C—I—d); e ( 21+c )

So the Lemma is equivalent to,

b—1
20 —24c+d
ZQTiHTIH«( 2t ) = (c+ d)Tpp1. (1)

If c =1 and d = 0 the left-hand side of (1)) is
jz_; 2T 1Ty (ZZZ) ; i) :
Replacing ¢ with j viai =b— 7 — 1 gives,
lgzmn_i @f; i) Z 2T, T4 (2 _%: 1 . 1)
- ZQTb & J“(% - Qb_—t — 1)+ 1))
= Z2Tb —j ]+1(
_ Z 2T T (262— 1)

which is equivalent to the left-hand side of in the case ¢ = 0 and d = 1. So, without

loss of generality, we may assume that ¢ = 1. Thus it suffices to show that, for all b € N
and d € {0, 1},

2 — 1
2—1—2b+2j+1

b—1
20— 1+4d
;mﬂn ( %11 ):(d+1)Tb+1. (2)

If d = 1, equation can be derived from the identity tan?z = sec?z — 1 using the
corresponding Maclaurin series. If d = 0, it can be derived from the d = 1 case using

Pascal’s Rule, which is
n—1 L+ n—1\ (n
k—1 k \k)’

for all n, k € N. O
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Theorem 3.3 For all r,s,l € N and m,n € Z such that m > n, the following identities
hold in U(O(sly)).

. r _9s _9s

@ antly =+ Y T (5) (et = a3,

j=1

Bl ,

T r—2k—1 e
Y Ty, Jar

k=0

3] .
(it), T Ty = Tpal + ZTjH (2],) (;pmx; 2 _ g 2Jx2n_m)

j=1

Bl ,

T r—2k—1 -
" 3 Ty
k=0
Bl .
(1id),  w), =z w; + 2 Z Tk+1( ) ( a2kl x;;%_lxm_l) )
— 2k +1
s s s—k s—k
e VE (S D ol G (S
k=0 §=0

Proof. We will proceed by induction first on 7 and then on s. The base cases (i)1, (ii)1,
(#ii)1, and (iv); can be shown by straightforward calculations.

Let r € N and assume for all v € N with 1 < u < r, that (i),, (i7), and (zi), hold.
Then, in order to prove (iii),;1, we have:

wrT = wa!

Bl
= T, WLy, + 2 Z (Qk L 1) (mmeT k=1 xfn_%_lxm_l) Ty by (40),
=z (Tpw + 2xm+l — 2T )

L'r—l

r r— r—2k—
+ 2 kz; Tyt (2/{} I 1) (l'm-i-lm 2 -z, 2 1xm—lwm)

= 2"y + 207 Ty — 207 T

r Y
+2 Z Thir (% N 1) (2l — 2 2 (2@ + )
k=0
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5]
T . .
J=1

1554
r
+ 2 Z Tk+l (Qk )$T 2= 1wl

1552 ]
r r— r—
— 2%, Ty + 2 Z Tii1 <2/{: n 1) (Jj'm+lxm 2k _ a Qkxm—l)

k_

LT 1
-2 Z Tii1 (Qk; )xT =Ly by (i),
L§J ,
= x:rj'lwl + 2 Z Tri1 (2]{:) (xm-HZL’T 2k x;:n_kam—l)
k=0

TlJ

L
. (% + 1) (@™ = 2 )

L%J

__r+1 r r r—2k r—2k
SR> Tk+1(<2k> i (%H)) (s — a7 %, )

+ 2((7’ + 1) mod 2)TL§J (xm—l—l — l’m_l)
175+]

+1
r+1 2 r r—2k r—2k
=z, w + kg 0 [iq (Zk‘ 1) (:Eme -z xm_l)

+2((r+1) mod Q)TLgJ (Tt — Tm—t) by Pascal’s Rule
L3)
1
= .Z‘Tm+11Ul + 2 Z Tk+1 ( T ) (.Tm_HIr 2k xfn_%xm_l) .
k=0

2k+1

This proves (414),41.
In order to prove (i),+1, we have

xnxgjl = TpX, Tpy

L5]
=T, TpTp, + Z T (27;) (:UQm,n;ﬂm*?j _ x?“mfzjxn) Tm

r—2k—1 ;
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L5]
= x:rjlxn + x:nwm—n + Z j}+1 (2T) (l’gm an+1 2 .T:);ijnxm)
, J
7j=1
175+ ,
+ Z T <2k )x T (@ 2T — 2)

L3]
r . .
_ r+1 r r+1—25 r+1—2 r—2
=2, T Wy + E T (2]') (Tom—naid 7% — 2l — 2l P W,y
Jj=1

| 252 ]
r r—2k r—2k—1 r—2k—1
+ kzzg Tk+1 (2]{; i 1) (I’ Wip—pn + 2$ Tom—n — 2£L'm {En)

l5]

r . .

__r+1 r r+1—2j r+1—2 r—2

=2, Ty + T, W, + g T (2]_) (:pgm A e R me_n)
Jj=1

r—2k r—2k—1
+ E <2k+1> <x Win—n + 2%9m—nT,,
— 2k —1 .
N Z (r ‘ ) (xzm 221 x:n—Qk—Qj—lxn)

2j
L’!‘ 2k 2J
r— 2k — Cor_ o] Y y
Z 2ﬂ+1( 9] +1 )x:n 22l me—n - 2{Em o 1xn> by (’”)7‘—2.%—1
=0

r .
_ort1 r r+1—2j 7"—1—1—2
=T, T + Ly Wm—n + E 7}4-1( ) (x2m nLpy, T = T ]In)
Jj=1

1752
r
§ 27, - r—2k—1 r—2k—1 "
! k=0 kH(?k"‘l) (22— )

LTEIJ . LT—22k—1 . 2k _
T, 2T
+ Z k+1 <2k . 1) Z ]+1( 2 )
k=0 j=1
5] . %5t .
- T; N %, ., + T Tk,
>t () > T (501 )on

L’V‘ 1J Lr 2k2
T
3Ty, )

r—2k—2j—1 r—2k—2j—1
(l’gm_niCm I — 7 xn)

r—2k—1
Z 2Tl+1< o1 x:n% 20— 2wmin
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3]
r . .
_ r+l1 r r+1-—2 r+1-—2
=T, Tn+ T, Wypn + E T <2j> (xgm_nxm T — ] an)
Jj=1

L5

n Z 2Tj (2 ‘7” 1) (332m n.CET—H 27 w;;i—l—ijn)
; J —
Jj=1

LT IJ LT 2k 1

r—2k—1 - k2
B E ()

L] . Bl .
r—2k r—2k
- E Ty <2k5> Ty S W—p + Eﬁ Tiia (Qk; n 1) Ty W,

LT IJLT 2k— 2

r—2k—1
2T T r—2k—21—2 S
+Z Z h l+1(2k+1>< 20 +1 )xm v

5]
r .
_r+1 r r+1—-2j r+1-2
=2, Ty + T, Wi, + E T <2j> (:zczm A J.CEn)
Jj=1

L= ]

r r+1-2j r+1-2j
' Z 215 (2j - 1> (om-ny ™ — 2l )

L'r IJLr 1J k

r r—2k—1 . _
4 Z Z 2Tk+1Tl+1<2k+1>( y )(l'zm B

k=0 =1

[5] . L%lj .
. T r—2k i T r—2k -
> m(%)wm D L U

155+ 15

—Jj—
r r—27—1 95 919
T m m—n
+§_j Z b ”1<2j+1>< 20+ 1 )""’“’m v
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L]

r .
_ _r+1 r § : r+1 27 r+172
J=1

5L

" Z_: = <2jr_ 1) A )

r—2k—1 r41-2j _ r4l-2j
* Z Z el (2k+ 1) (2@ k- 1)> (Zam 7 T )

k=0 j=k+2
T L7 1J T
r—2k r—2k
- Z Tk+1 (2]{}) Wpp—pn + Z Tk+1 (2]{} >Im W —n
Lr 1J 2

T r—27—1 ok
Ej E 2T 1T, ; m—n
i ah k”(2 +1>(2(k—j)—1>xm v
Jj=0 k=j+1
3]

T .
_r+1 r r+1—275 r+1—2
=2, Ty + T, Wi, + E T (2]') (azgm A J:En)
j=1

r T r+1-25
AR <2j - 1) (wamnay ™ = 2P

J—
2Tk+1 N r-2k =l (zom—naid 7 — ) 2,
- =\ ok +1)\2(j — k- 1) m
|55+

r r—2k r r—2k
- Z Tk+1 (Qk) Ty, Wm—n + Z Tk+1 (Qk’ + 1) Ty, Wm—n

7j=2

k=1 k=0
) kot r r—2j—1
AT Th r—2k N
3oty ) (o, e )
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L5]
T .
r—+1 r r+1—2j5 r+172
=2, Tp+ T Wypn + E T <2j> (:L'gm W TH g an)

J=1

j—1
r r—2k—1 :
27T, T. r+1-2j r+1-2j
+ Z > 2T, k<2k+1) (Q(j o 1)) (zom—nap 7% — 2 ¥,
15] 173+) .
r—2k r—2k
Z Tk+1 (2]{:) Wip—p + Z Tk+1 (2]{: + 1) Ty,  Wm—n

Hk1

r r—25—1 ok
2T 1T " —n

k=1 j=0
[5]

T .
o ” r+1-2j5 r+1-2
=2, Ty + T, Wi, + E T (2j> (xgm A J:L‘n)

j=1
L=

TN A P
j=1

L3 155+

T re T re
Z Tk+1 (2k‘) 2kU}m n+ Z Tk+1 (2]{ >xm 2kujmfn

= :L‘:r‘LHxn + T, Wy—pn + Z Tj+1 ((T) . ( ‘7" )) (mm nxr+1 2j ;;H_Qj%)
= 2j 25 —1
L7+ l5]

r
T, —2k I T r—2k i
3 i g ot et Do (5 )
=ty Z Ty r 4 r (x2 grH=2 _ prH=2ig )
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r+1 , ,
_r+1 r+1—2 r+1—2
=Ty, Tpnt E 7}+1 ( . ) (l'szniCm T - Lo J:C”)

1
+ Z Thi1 ( T )x:n_%wm_n by Pascal’s Rule.

This completes the proof of (7).
In order to prove (i7),,1, we have

r+1 o r
Ty Ty = TpT, T,
L5] .
o r r—27 r+1—-2j
= TpTm®, + E T (2 ) (mn:cmx T — ngn,m)
j=1 J
L%5)

r—2k s
+ Z (Qk . 1) Win—n by (1),

[5]
r . . .
o r—+1 r r+1-2 r—2 r+1-—2
=Ty,  + Wnp-nT, + E TjH (2j> (xmxn J 4+ Wyp—nTy, J _ x, J:L’zn,m)
=1

155+
r
§ T r—2k S
" k=0 kﬂ(%Jfl)xn v

155

_ 1 r r r—2k—1 r—2k—1
=T, + T, Wy + 2 ; Thi1 (Qk n 1) (xmx -, Jign_m)

—9j , . ,
2 () Gt ) )
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75

r .
_ r+1 r r4+1—2j5 r+1—2
= Tt 2w+ Y 2T <2j - 1) (2% — a7 2y )
Jj=1

<

L5

H
r , , r ;
+2 T <2j> (17— 2l g ) + ) T (27‘) o
j=1

j=1

Lr—22j—1J

[5] .
r r—2j r—2j—2k—1 r—2j—2k—1
+ Z Tj <2j) 2 > Tin (2 bt 1) (zma), — Ton—m)
j=1 k=0
l5]

r
+ E Tk:-l—l ( )x:l_kam—n
— 2k +1

|75

_ a:ma:rJrl + Z 2T, (2]7”_ 1) (xmerrl 25 x;“*”xgn,m)

5
r .
r+1—27 r+1—2
+§ 7}4_1(2‘]) Ty, I — z, J$2n—m)
L’V‘ 25— 1

r—= 2] r—2j—2k— r—2j—2k—
A () () b
L5] . L3 .
#3 T (3 o+ > i (5 )2

L= ]

_ xmxr-i-l + Z 2T (er_ 1) (mmmrﬂ 2 _ ;+1_2j9€2n—m)
5

T‘

X Z Z 27—;+1Tk+1 (2 ) ( — 22) (l'ml'r 2i—2k—-1 x;72i*2k*1x2nim)

2k+1

T T
T r—2k i
+kzg k+1<<2k+1)+<2k>>x” v
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L= ]

_ r+1 , r r4l-2j _ o r+1-2j
= T, + jz1 2T; (QJ — 1) (Imx Ly Izn—m)

l5]
r .
+ZTJ+1 <2j) (T = T )

L IR

S (),

zl] i+1

1
+ Z T < T ) T, 2K 0m—n by Pascal’s Rule

L"“J

r+1 r r41-2j _ r+1-2j
= xpx T+ E 20T . Tmx, Y — T Xon—m

LT+1J 7j—1

5 S )

7j=1 =0

L5]
r+1 ok
+ E Tk’—i—l( )J:; 2 Wm—n
— 2k+1

r—21
j—1—1

r Dy
—+ Z Tjj—i—l <2]) (l’ml’;"‘l 25

r—2

r—2
2 —i—1)+1

r+1-2j
T, J(L'2n—m)

r+1-2j
— T, ]$2n—m)
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)+ 1) (@27 = 2l M g0 n)

r4+1-2j
- xn Jx2nfm)

)+ 1) (ma,

r4+1—-25 r+1—2'
) (xmx ) — n Jx2n—m)
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T . .
_ r+1 r+1-2 r+1—2
=TT,  + g Tj+1( ) (xmxn T — J:Egn_m)

k=0
DE r r
_ r+1
—anai 4 32 T () + (57)) oo
5]
r+1
T r—2k N
+}; k+1<2k+1) n

r+1 . .
_ r—+1 r+1—2 r+1—2
=TT,  + g Tj+1( . ) (xmxn J— ngn_m)

This completes the proof of (ii),1.
We now prove (iv)s by induction on s.

k=0 Jj=0
s s—k
_ s s—k ,
= Z 25k (s B k> ( . )(-UJ ($m+(s—k—2j)zwz — 2X g (s—k—2j—1)1
k=0 =0
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+ Z Tt <2j7‘_ 1) (xmmgﬂﬂj _ $;+172j$2n7m)

1
+ Z Thi1 (27“]{:—: 1) x;_%wm_n by Lemma

r+1-2j
x ]xQn—m

1
+ Z Thiq < T )a:;_%wm_n by Pascal’s Rule.

S s—k
S s—k , .
= Z 287’C (5 B ]{j> ( j ><_1)le$m+(s—k—2j)lwlk by (ZU>S
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J
ey ()5 () it
s—k j m+(s—k—25—-1)I W

s—k ,
( . )(_1)]xm+(sk2j+1)lwlk

k=0 =0 J
s s s—k+1 s —k
+ Z 9s—k+1 (5 B k) Z ( . 1) (_1>]xm+(sfkf2j+l)lwlk
k=0 =t N
s s s—k S — ]{:
+ Z 9s—k+1 (5 B k) Z ( j )(_1)]xm+(sk2j+1)lwlk
k=0 j=0

J
s s s—k S — ]{;
+ Z 9s—k+1 (5 B k) (j B 1) (_1)]$m+(sfkf2j+1)lwlk
1
—k
s—k ;
) ( , ) (—1)]xm+(sfkf2j+1)lwlk
=1
5 o S - s— § S—
+ Z 2t (s = k:> T g (s ks )W) + Z 2t (s - k) (=1 sy
k=0 k=0

s s—k
Z . S Z s—k -
N 2 (s — k) ( J >(—1)j5’3m+(sk2j)lwzk+1
k=0

Jj=0
” s SE s —k s—k
IS (0 1 (G R (o (ST
k=0 j=1
gs—h+1( 5 e k 2:2371%1 S B .
+ kZ:O (S . k T +( k+1)wl + ar 5 — k‘ ( ) xr +(k 1)lwl
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S+1 S— k‘+1
. s — k +1 ,
= E 9s—k+1 (5 bt 1) E ( ) (_1)J-’17m+(sflg72j+1)lwgC
k=1
s . s — k +1 ;
n Z 9s—k+1 ( L E ( ) 1)Jxm+(sfk72j+1)lwlk
k=0

Jj=1

s . s .
n Z os—k+1 ( k> Tt (s— ke 1)WF + Z os—k+1 (3 ° k) (= 1) " 2 sy
k=0

k=0
by Pascal’s Rule.

s s—k
. 5 — k +1 ;
= skt (S el 1> > ( ) 1Y Ty g (s kg nw)
k=1 J=1
/s — k +1
( ) (—1) T (s h—2jr 1y W)
1

28 k+1
DI
Jj=
o s o s s
+ Z 2ok (s - k) Tt (s kW] + Z 20kt (8 - k) (=1 2 o1y
k=0

k=0

S—

s _
+ zpwitt + Z 257 k“( )(—1)5 k+1$m+(k7571)lwlk

o’ s—k—+1
§5~ k+1 s k
s s—k
k S S — k + ]. ;i k
= 207kt <s —k+ 1> Z ( J (_1)jxm+(s—’f—21+1)lwl
k=1 j=1
s s—k+1
. S S — k + 1 1
n Z gs—h+1 (8 ’ k> Z ( ; ) (=1 Zypp (s—k—2j 1) W)
— §=0
S _ S
+ ; 2ot (s —k+ 1) ((—1)8 k“%w(k:—s—anJfC + Tt (s—k+1)1W) ) + $mwl+1
s s—k+1
—k S S — k + 1 ; k
= 27k <S —k+ 1> Z ( J (_1>]xm+(s—k—2j+1)lwl
k=1 j=0
s s—k+1
. S s—k +1 i S
£y ek (S ’ k> > ( ; )(_1>]$m+(s—k—2j+1)lw;€ + zpw)
k=0 J=0

THE PUMP JOURNAL OF UNDERGRADUATE RESEARCH 2 (2019), 161-178 176



_ iZS_lﬁ_l S n S Sfl s—k+1 (—1>J£E ' wk
— s—k+1 s —k ] m+(s—k—25+1)I W)

§=0
s+1
< s+1 ; s
+2° Z < J >(_1)Jxm+(5—2j+1)l + Ty
=0
s s—k+1
. S —|— ]_ S — k + 1 :
= 9s—k+1 <S bt 1) Z ( . )(_1>]$m+(s—k—2j+1)lw;€
k=1 J=0 J

s+1
1 .
+ 27y (S . >(_1)jxm+(s—2j+1)l +apw; ™! by Pascal’s Rule.

=0 \ 7
s+1 s—k+1
+1 s—k+1 .
= Z os—k-+1 < s > Z ( ‘ ) (_1>J~rm+(s—k—2j+1)lw§€-
— s—k+1 s Jj
This completes the proof of (iv)g.. O

4 Further Directions

The natural next step is to formulate and prove straightening identities for products of
the form: z7x; and wjz;, . Although we have some partial results in this direction, we
have not yet reached this goal.

Another direction in which one could head is to formulate straightening identities in
the generalized Onsager algebras, O(g), where g is any simple complex Lie algebra. See
Example 3.9 in [§] for a definition of O(g).
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