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1 Background and Main Theorem

A graph G consists of a set of vertices, V, and a set of edges, F; edges connect pairs of
vertices in V. We usually denote a graph G = (V, E). In this article we assume that all
graphs have neither multi-edges nor loops. A complete k-partite graph (for & > 1) has
its vertices partitioned into k sets, and in which edges connect all pairs of vertices that
are not on the same partition; no two vertices in the same partition are adjacent to each
other. We notate a complete multipartite graph by K, n, ... n, With ny <ng < - <y,
where a given sub-index represents the number of vertices in a given partition. We will
say that a partition with exactly one vertex is a singleton. We direct the reader to [3] for
more details, and results, about graphs.

A two-player combinatorial game is a game without moves determined by chance,
where all possible moves are known to the players (the game has perfect information).
Under the assumption that each player will play the “best” possible move, various winning
strategies arise within the structure of the game (see [2] for a great study on combinatorial
games).

In this article, we are interested in studying a game, called Grim, that is played on
graphs. Grim was defined, inspired by the work of Fukuyama in [4] and [5], by Adams et.
al in [1], where they studied strategies for this game when played on certain families of
graphs. They also wrote a program to compute the Sprague-Grundy values (see [6] and
[7]) associated to Grim played on paths; this program computes these values recursively
by just implementing the definition of the Sprague-Grundy function.

We explain how to play Grim next.

Definition 1.1 A legal move of Grim on a graph H consists of deleting a vertex, v,
together with all the edges incident with v and any other vertices that may have become
1solated after deleting v.
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Given an initial position graph G, Grim s played by two players alternating in taking
turns and making one legal move per turn. In the case that G has any isolated vertices,
they will be deleted before the first legal move is made. The player making the last legal
mowve is the winner of the graph G.

Let G and H be graphs. If H is obtained from G after a legal Grim move, then we
will call H a follower of G. If, given a graph H, there is a strategy to win for the next
player making a move then we will say that H is an N position (the N is because the
next player will win the game); if the next player to make a move does not have a strategy
to win then H is a P position (the P is because the previous player would now win the
game).

In [1], winning strategies for Grim were found for complete tripartite graphs, and
complete multipartite graphs having exactly one singleton or no singletons, among other
things. The following two results are from that article; the have been re-phrased using
the number of vertices of the graph, |V|, to make them to read similar to results ahead
in this article.

Lemma 1.2 Let m,n € N. Then, the following hold.

(a) K, is an N position if and only if |V| is even.

(b) Ki, is an N position, for all |V|.

(¢) Assume m,n > 1. Then, K,,, is an N position if and only if |V| is odd.

(d) K11, is an N position if and only if |V is even.

(e) Assume n > 2. Then, Ky, is an N position, for all |V|.

(f) Assume m,n > 3. Then, Ky, is an N position if and only if |V| is odd.
Lemma 1.3 Let G = Ky, g, Where n; €N, for alli=1,...,t. Then,

(a) Assumet >3 andn; > 2, for alli =1,...,t. Then, G is an N position if and only
if |V] is odd.

(b) Assumeny =1,t>4, andn; > 3, for alli =2,...,t. Then, G is an N position if
and only if |V is odd.

The results for complete tripartite graphs in Lemma 1.2 motivates us to look further
into cases where N positions determined by |V| even switch to |V| odd. This leads us to
look into complete multipartite graphs with at least two singletons.

Notation. In order to help ourselves in the writing of our arguments, we shall write

complete multipartite graphs by Knto St where ng <n; <--- < ng,and t; € N
0 0’1 T2 sl
represents the number of partitions with n; vertices.
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In the following sections we address the problem of playing Grim on a class of graphs
that were not considered in Lemma 1.3. These are all the complete multipartite graphs
that have at least one partition containing exactly two vertices (note that part (b) requires
n; > 3, for all ¢ > 1). All the results in the next two sections are summarized in our Main
Theorem, which follows; we will prove our Main Theorem in Section 4.

Theorem 1.4 Assume that m,n,s,t € N, s > 0, t > 2, and m,n > 2. Then, the
following hold for graphs of the form Kit gs yp-

(1) Form <t+1, Kit9s mn is an N position if and only if |V is even.
(2) Form =t+1, Kit 95 mn is an N position for all n > m.
(3) Form >t+1, Kyt s mn is an N position if and only if |V is odd.

Using our Main Theorem, along with Lemma 1.3, we are able to quickly determine the
outcome of Grim played on complete multipartite graphs of the following types: (1) having
no singletons, (2) having exactly one singleton, or (3) consisting of mostly singletons
and/or partitions containing two vertices. Note that, for example, the graph K 11333 is
not addressed in either result.

2 Complete Four-Partite Graphs

We begin with an examination of strategies for the “smallest” type of complete multipar-
tite graphs with at least two singletons. Since the strategies for bipartites and tripartites
are known, we naturally continue with complete four-partite graphs.

Lemma 2.1 Let m,n €N, and G = Ky 1. Then,
(a) K3, where n > 1, is an N position if and only if |V| is even.
(b) Ki25,, where n > 2, is an N position if and only if |V| is even.
(¢) Ki23,, is an N position, for all n > 3.
(d) Kiz2 ., where m,n >4, is an N position if and only if |V| is odd.

Proof. (a) First consider the case Kja. From this starting position, all moves will result
in the follower K3, a P position. Thus, K4 is an N position. Now we consider the case
where n = 2. The starting move could give the follower K1, an N position, or K2,
which by Lemma 1.2 is also an A/ position. Thus, Kis 5 is a P position.

We proceed by induction on n, where n > 3; we want to show that Kis,.; is an N
position, for n + 1 > 4.

When n + 1 is odd, Player 1 will play the starting move that yields K 11,. Since n
is an even number, by our inductive hypothesis this is a P position. Hence, in this case,
K13 41 is an AV position.
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Assume n + 1 is even. If Player 1 leaves the follower Kis, then, as n is odd, Kja is
an N position by induction. It follows that Kjs, is a P position. Now, if Player 1 leaves
K2 .41 as a follower. Since n + 1 is even, by Lemma 1.2, this is an N position. Thus,
irrespective of the starting move, Kis,; is a P position when n 4 1 is even.

(b) First consider the case K32 2. From this starting position, Player 1 will choose the
move that results in Kys o, which by (a) is a P position. Thus, K25 is an N position.

Now we consider the case Kj293. The follower K ;52 is the previous base case, the
follower Kis 3 is an N position by (a), and the follower K 53 is an A position by Lemma
1.2. In either case, K253 is a P position.

Now we proceed by induction on n, where n > 4; we want to show that K25, is an
N position, for n +1 > 5, if and only if n + 1 is even.

If n + 1 is even, then Player 1 will choose the starting move that gives the follower
K13 41, which, by (a), is a P position. Thus, K25, is an N position when n + 1 is
even.

If n 41 is odd, then the follower K25, gives the previous case. The follower Kjs 11
is an NV position by (a), and the follower Kj 5,1 is an N position by Lemma 1.2. Thus
K29 41 1s a P position when n + 1 is odd.

(c) First consider the base case Kj232. Player 1 will choose the follower K253, a P
position by a previous case. Thus Kj2 32 is an N position.

Next consider Kj2 3, for n odd. Player 1 will choose the follower K2 5,,, a P position
by a previous case. When n is even, then Player 1 will choose the follower K 3,, a P
position by Lemma 1.2. Hence, K233, is an N position for all n > 3.

(d) First consider the base case K2 42. The follower Ki23,4 is an A position by a
previous case, while the follower K 42 is an A position by Lemma 1.2. Thus K2 4 is a
P position.

Next consider the case when m + n is odd. Player 1 will choose the follower K ,, ,, a
P position by Lemma 1.2. When m + n is even, the follower K ,,, is an N position by
Lemma 1.2. Any other followers both give m +n — 1 odd, which is an A position by the
previous case. Hence, K2, , is a P position when m + n is even. [

Example 2.2 We consider Kj255, and we play by deleting the vertex in red (in the
diagram below). We see that Player 1 will win the graph by taking the last two vertices
from K.

Hence, K295 is an N position. This is consistent with part (b) in Lemma 2.1, as
V|=1+14+2+2=61is even.
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3 Complete Multipartite Graphs with Several Partitions

In the previous section we discussed all complete four-partite graphs that had not been
addressed in Lemma 1.3. Also, we can see in Lemma 2.1 that there is a pattern of
alternation that switched from N positions being determined by |V| even to |V| odd; this
behavior is similar to what we see in Lemma 1.3. In this section, we expand these results
to complete multipartite graphs consisting of large numbers of partitions.

Given that most of the results in this section are fairly technical, we provide a short
comment on its organization. We start by studying graphs of the form Kj¢ 5, in Lemma
3.1, we then generalize this result in Lemma 3.2, where we look at the behavior of Kj: 4,
for n,s,t > 2. Finally, in Lemma 3.4 we consider a slightly different family of graphs
graphs, those of the form at Kot 4, for s, > 1, and n > 2. After these results have
been proved, we will be ready to prove our Main Theorem.

Lemma 3.1 Let n,t € N, where n,t > 2, then Kyt o, is an N position if and only if |V|
18 even.

Proof. We will prove this lemma in three stages: we will first consider two particular
cases that will serve as ‘base cases’ for the main proof.

Claim 1. Let G = Kja,,, where n € N. Then G is an N position if and only if |V is even.
Proof of Claim 1. First consider the case where G = Kis. Then, there is only one possible
follower K4, which is an N position by Lemma 2.1. Thus, G is a P position.

If n is even, then Player 1 will choose the follower K3s,, a P position by Lemma 2.1.
Thus, G is an N position. If n is odd, then the follower Kja,_; is an N position by a
previous case. The other possible follower, Kjs ,, is also an N position by Lemma 2.1.
Thus, G is a P position.

Claim 2. Let n,t € N, where n,t > 2, then Ky, is an N position if and only if |V] is
even.

Proof of Claim 2. The cases when t € {2,3} have been already studied in Lemma 1.2 and
Lemma 2.1. So, for the rest of the proof we assume that ¢t > 4 and n > 2.

(<) We will proceed by induction on s =t +n. If s = 6 we get G = Kja 5, which is an
N position by Claim 1.

We assume that K., is an A position for some even s = a +b > 6 (and a > 4), and
let G = Kyt be so that t +n = s+ 2 (and ¢t > 4). We will focus our attention on the
follower H = Kj:-1,; its followers are Hy = Kj:-2,, and Hy = Kyi-1,,_4. Since t +n—2is
even, these two graphs are N positions, by induction and because, when n = 2, L is an
N position by Lemma 1.2(a). Hence, H is a P position, which makes G an N position.
(=) Assume that G = K, where t +n > 4 is odd. The followers of G are Gy = Kyi-1,,
and Gy = Kyt ;1. Since t +n — 1 is even, both G; and G5 are N positions by the other
direction of this proof. Hence, GG is a P position.

We finally get to prove the lemma.
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(<) Let s =t +n. We will proceed by induction on s. If s =4 we get G = K2 95, which
is an \V position by Lemma 2.1. We assume that K la2p 1S an N position for some even
s =a+b>4. Now consider G = K1 5,, with ¢t +n = s+ 2 and notice that H = K41,
is one of its followers. Since t +n + 1 is odd, H is a P position by Claim 2. Hence, G is
an N position.

(=) Let t4+n > 4 be odd and consider G = Kt 5, The followers of G are G; = Kjt-1 5,
Gy = Ky, and Gy = Kyi 9, 1. Since t +n+ 1 and ¢ +n — 1 are even, both G; and G
are N positions by the other direction of this proof. If n = 2, observe that G; = K,
is an N position by Lemma 1.2. For ¢t = 2, G5 = Kj++1 5 has follower Kjet2, with ¢ + 2
odd, which is a P position by Lemma 1.2(a) making G3 an N position. G5 is also an N
position by Claim 2. It follows that G is a P position. 0

The following lemma continues addressing complete multipartite graphs with many
singletons.

Lemma 3.2 The following hold for graphs K s, where n,s,t € N and n,s,t > 2.
(1) For s <t+1, Kyt s, is an N position if and only if |V| is even.
(2) For s =t+1, Ky, is an N position for all n > s.
(3) For s >t+1, Kyt g, is an N position if and only if |V| is odd.

Proof. (1) <) We will proceed by induction on k, where 2k =t + s + n. First, we need
to discuss a few special cases separately. If n is even then K25, is an A position for n
even by Lemma 3.1. If s = 2 then Kjt s, is an A position by Lemma 3.1 (as t + n is
even). From now on we assume that s > 3.

Assume that G = Kja . is an N position when 6 < a+b+c¢ < 2k, and a,b,¢ > 2 and
b<a+1. Consider G = Kyt 4, witht+s+n=2(k+1) and s > 3. We will focus our
attention on the follower I = K¢ ;4 ,, which has followers I} = K11 51, Io = Kjt 52,
and I3 = Kjt4s_1,-1. Note that all of them have 2k vertices. Since s —1 < t 4 1 and
s —1 > 2, we get that I3 is an N position by our hypothesis. Similarly, if s > 3 then I,
is also an AV position, as s —2 < t+1 and s —2 > 2. For s = 3, Iy = Kjyt+1,, which is an
N position by Lemma 3.1 (as t + 1 + n is even). Finally for I, since s — 1 < (t — 1)+ 1
and s — 1 > 2, it is also an \V position. It follows that I is a P position, and thus G is an
N position.

(8) <=) We will proceed by induction on k, where 2k +1 = ¢+ s+n. Firstly, we note that,
for t = 2 and n odd, K24, is an N position by Lemma 2.1. From now on we assume
that ¢t > 3.

Assume that G = Kjay,. is an N position when 7 < a+b+c¢ <2k —1, and a,b,c > 2
with b > a + 1. Consider G = Kjt 4y, with t +s4+n =2k +1 and ¢t > 3. We will
focus our attention on the follower H = Kj:-1,,, which has followers H; = Kji-24,,
Hy = Kiyt-1 4 1,,and H3 = Kyi-14,_1. Note that all of these graphs have 2k — 1 vertices.
If t > 3, we get that Hy is an A position by our hypothesis since s > (t —2) + 1 and
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t—22>2 Fort=3, H = K, ,, with s > 2 and s + n even, which is an N position by
Lemma 1.2. Similarly, since s > 3 then Hy is also an N position, as s — 1 > (t — 1) + 1
and s — 1 > 2. Finally, since n > 3 because partitions are listed in increasing order, Hj
is also an NV position as s >t and n — 1 > 2. It follows that H is a P position, and thus
G is an N position.

(2) We will proceed by induction on v = 2t +n + 1. But first we remark on the fact that
K233, is an NV position, for all n, by Lemma 2.1. So, from now on, we only need to prove
our claim for ¢ > 3. As usual, the sizes of the partitions are listed in increasing order,
andsot+1<n.

Assume that Kja 44118 an N position when 8 < 2a+c+1 < v, where a > 2. Consider
G = Kt 441, such that 26 +n + 1 = v + 2. The followers of G are H = Kyt-1 441,
I = K1t7t’n’ and J = K1t7t+1,n,1.

Case 1: If v is odd, we assume Player 1 leaves H as a follower. The followers of H are
Hy = Kyt—2 4414, Hy = Kyt-14,, and H3 = Kyt-1 441 ,1; all of them having v vertices.

e For Hy: The graphs Ki4, (t = 3 and n even) and K25, (t = 4 and n even)
are N positions by Lemma 1.2 and Lemma 2.1, respectively. For t > 5, since
t+1>(t—2)+1and v is odd, H; is an N position by (3 <).

e H, is an N position by our inductive hypothesis, together with ¢t — 1 > 2.

e For Hs: Note that if £ +1 > n — 1 the graph is Hy = Ky1-1,_1,41. However, since
t+ 1 <n, we must have that (t — 1) +1 =n — 1. In this case, H3 is an N position
by our inductive hypothesis. Fort +1 <n—1,sincet+1> (t—1)+1,t—1> 2
n—12>2 and v is odd, H3 is an A position by (3 < ).

Thus, H is a P position, making G' an N position.
Case 2: If v is even, we assume Player 1 leaves I as a follower. The followers of I are
IL = Kyi1 4, Iy = Kyt 414, and I3 = Kyt 45,15 all of them having v vertices.

e [, is an NV position by our inductive hypothesis, together with ¢t — 1 > 2.
e For [5: Since 2 <t—1<t+1and v is even, I5 is an N position by (1 < ).

e For I3: Just like in the proof of (1 <=), we need to look at the case when the last two
subindexes ‘switch’. This situation reduces to us having to look at when n =t + 1;
we get that K¢,y is an N position by (1 < ). When t <n — 1, we get that I3 is an
N position by (1 <), ast <t+1 and v is even.

It follows that I is a P position, making G' an N position.

(1) =) Let s < t+1and |V] be odd. If s = ¢ then G is an N position, as s = (t — 1)+ 1,
by (2); if s < t then G| is still an N position by the proof of (1 <), as s < (t—1)+1 (the
subcase t = 2 uses Lemma 1.2 to get to the same conclusion since it would make s < 2).
Now for Gs. If s = 2, then t +n + 1 is even and we use Lemma 3.1 to get that G5 is an
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N position. If s > 2, since s — 1 <t + 1, Gy is an N position by (1 <). Finally, for Gs.
If n =2, we get G3 = Kyt+1 4 with t + s + 1 even and use Lemma 3.1 to show that G is
an N position. When n > 2, we use that s <t + 1 to get that G5 is an N position by (1
< ). If s =n, we can rewrite G3 = K¢ ,,_1,s which is still an A position much like Gy. Tt
follows that G is a P position.

(3) =) Let s > t+ 1 and |V| to be even. For Gy, if t = 2 then G; is an N position by
Lemma 1.2. When ¢ > 2, we get that s > (t — 1) + 1, and so G is an NV position by the
other direction of (3). Now, when s =t + 2 we get that Gy = Kyt 4.1, is an N position
by (2), whereas if s > ¢ + 2 then Gy is still an N position by the other direction of (3)
(since s > t+ 1 > 3, we do not need to address s = 2). Likewise, since partitions are
listed in increasing order, n > s > 3. Finally, if s = n, we treat G3 = Kyt ,,—1 5 as Go, and
if s < n we use that s > ¢+ 1 to get G3 to be an N position by the other direction of (3).
Hence, G is a P position. O

Notice that the winner of most of the graphs considered in Lemma 3.2 depends on |V/|
being even or odd. We next continue exploring this alternating pattern, now looking at
graphs that contain several partitions containing exactly two vertices.

Lemma 3.3 Forn € N, wheren > 2, Ky2 92, is an N position if and only if |V| is even.

Proof. (<) Consider G = K292, with any even n > 2 and notice that H = K3 5, is
a follower. We can use Lemma 3.1 with ¢t +n odd to get that H is a P position, and thus
G is an N position.

(=) Now consider G = Kj2 92, where n > 2 is odd. It is easy to see that G will have
three followers: Gy = K 92 ,,, Go = Ky3 9, and Gz = Kj2 92,1, of which the last two are
N positions by Lemma 3.1 and the other direction of this proof, respectively. For Gy, the
follower K2, is a P position by Lemma 2.1, thus making Gy an N position. It follows
that G is a P position. O

The previous lemma will be useful to prove the following, very important, lemma.

Lemma 3.4 Assume that n,s,t € N, s,t > 1, and n > 2. Then, the following hold for
gmphs K1,2t,s,n:

(1) For s <2, Kot sn is an N position if and only if |V| is even.
(2) For s =2, Kyt s, is an N position for all n > s.
(3) For s > 2, Kot sn is an N position if and only if |V| is odd.

Proof. We start by looking at when ¢t = 1. These follow because G = K25, with |V|
even, is an N position by Lemma 2.1. G = K} 5, with [V] odd, has the follower K.,
which is a P position by Lemma 1.3, making it an A position as well. Finally, K 5,, is
an N position by Lemma 1.2. From now on we will consider ¢ > 1.
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(1) =) We start by noticing that K252, for odd n > 2, is a P position by Lemma 3.3.
We now assume that for some m,n,t > 2, and |V(G)| < m (m odd) that G = Kj2 9, is
a P position when n is odd. Consider H = Kj2 5., with b odd and |V (H)| = m. This
graph has followers: H; = K gap, Hy = Ki390-1p, and Hs = Kj2 9a3_;. Doing induction
on a + b, with b odd, we get that H; has the follower Kj29.-1;, and H, has the follower
K2 9024, both of which are P positions by our hypothesis. Thus, H; and Hy are N
positions. For Hj, we use our hypothesis with b — 2 being odd to get that the follower
K2 9045 is a P position, making H; an N position as well. It follows that H is a P
position.

(1) <) Now consider G = Kj29¢, with n,t > 2 and n even. Observe that G has the
follower K2 ot ,,—1, where n —1 is odd, which is a P position by the other direction of this
proof. Hence, G is an N position.

(2) Assume G = Kj 9t ,,, with n,t > 2 and |V (G)| < m is an N position, for all n > 2. Let
H = K 9ap with |V(H)| = m. If bis even, we use Lemma 1.3 to get that H has a follower
Koap, with |V| even, that is a P position. If b is odd, H has the follower K2 ya—1,, which
is a P position by Lemma 2.1, for a = 2, and by (1), for a > 2. Hence, H is also an N/
position.

(3) <) Observe that for ¢ > 2 and n,s > 2, any graph G = Kj 9 5, with |V| odd will
have the follower Ky s, which is a P position by Lemma 1.3. So G is an A position.

(3) =) Consider the base case G = K 223, with |V| even, which has followers K23,
and K 93 ,,; these are both A positions by Lemma 1.3 and (2), respectively. The follower
Kj2 53, has its own follower K3s 3, that is a P position by Lemma 3.2, making it another
N position. The last follower K923, 1, also has its own follower Ky 3, 1 that is a P
position by Lemma 1.3, making it an N position as well. It follows that G is a P position.

Now, for ¢ > 2 and n,s > 2, take as induction hypothesis that G = Kj ot 5,, with
|V(G)| even, is a P position. Consider H = Kj gt+1 5, with |V (H)| = m even, will have
the followers:

o Ky g,. Since |V| =m — 1 is odd, this is an A position by Lemma 1.3.

® Ki29t,,. This graph has K, as a follower, which by our hypothesis is a P
position, making K2 o ,, an A position.

o Kigti1i g 1, and Kjoer1 s, 1. Since m is odd, both of these graphs are A positions
by the other direction of this proof, even when s = n. However, if s =3 orn =3
we have that these graphs are AN positions by (2) instead.

Since all followers of H are A positions, it follows that H is a P position. 0

Since the results of Lemma 3.4 closely resemble those in Lemma 3.2, we continue our
work on trying to generalize, and unify, these results.
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Theorem 3.5 Assume that n,s,t € N, t > 1, and s,n > 2. Then, the following hold for
K1272t757n.

(1) For s <3, Ki29t ¢, is an N position if and only if |V| is even.
(2) For s =3, Ki29t ¢, is an N position for all n > s.
(3) For s >3, K29t 5, is an N position if and only if |V is odd.

Proof. (1) <) Observe that G = K29t 5 ,,, with s < 3 and |V even, is either the graph
G1 = K39t ,, or Gy = Kj2 9141 ,,. Since G has the follower K2 ot ,,, which is a P position
by Lemma 3.4, G is an A position. Similarly, G5 is an N position by Lemma 3.4. Hence,
G is an N position.

(1) =) We start with a base case G = K3 5, for any even n > 2. The first follower of G,
Gy = K23, is an N position by Lemma 2.1. The second follower, Gy = Kja,, is an N
position by Lemma 3.1. The third follower, G3 = Kjs 5,1, itself has a follower, K12 5,1,
which is a P position by Lemma 2.1 and is thus an N position.

Now assume that G = Kj2 ot ,,, with s < 3 and |V| < m, is a P position when |V| is
odd. Then, for H = K2 9a ., with |[V(H)| = m odd, we have the followers H; = K 30 .,
Hy = Ki39a_1p., H3 = Ki2 90 p_1, and Hy = K2 304 o1.

e H; is an N position by Lemma 3.4, for both b =1 and b = 2.

e [, has the follower K2 5a-1,. which is a P position by our induction hypothesis,
which makes Hy an N position.

e H; and H, are N positions by the other direction of this proof, as they have an
even number of vertices.

Since all followers of H are A positions, it follows that H is a PP position.

(2) When n is even, G has the follower Kot 3,, which is a P position by Lemma 3.4.
When 7 is odd, G has the follower K2 gt+1,,, which is a P position by (1). In either case,
G is an N position.

(3) <) Observe that G = K2 o 5, with 3 < s <n and |V| odd has K 5t ,, as a follower,
which is a P position by Lemma 3.4, so G is an N position.

(3) =) We start with a base case G = Kj254,, for any even n > 4, which has the
followers G = Ki24pn, G2 = Ki344, Gz = Ki293,, and Gy = Ky294,-1. G1, G3, and
G, are N positions by Lemma 3.4, (2), and the other direction of this proof, respectively.
G has a follower K24, that is a P position by Lemma 2.1. It then follows that G is
a P position since all its followers are N positions. Now assume that G = K2 9t 5,
with s > 3 and |V| < m, is a P position when |V| is even. Then, for H = K2 9a, with
|V(H)| = m even, we have the followers Hy = K 20 ¢, Ho = K13 90140, H3 = K12.90 1 ¢,
and Hy = K2 20 p 1.
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e H, is an N\ position by Lemma 3.4.

e [, has the follower K2 4-1,. which is a P position by our induction hypothesis,
so Hy is an N position.

e Hy and H, are N positions by the other direction of this proof, as they have an
even number of vertices.

Since all the followers of H are N positions, H is a P position. O

4 Proof of Main Theorem

In this section, we prove Theorem 1.4 by using results in previous sections. We first
generalize Lemmas 3.4 and 3.5.

Lemma 4.1 Assume that m,n,s,t € N, s,t > 1, and m,n > 2. Then, the following hold
for graphs Kit gs m p.

(1) Form <t+1, Kyt s mmn is an N position if and only if |V is even.
(2) Form =t+1, Kit 95 mn is an N position for all n > m.
(3) Form >t+1, Kyt s smn is an N position if and only if |V| is odd.

Proof. We will prove most of these statements by induction on |V|.

(1) <=) Observe that the base case K2 24, where m,n = 2 and |V/| = 10, is an N position
by Lemma 3.4. Now assume that Kitgs ., with m < t + 1, is an N position, for
10 < |V < v —2, when |V]is even. Then G = Kja g .4, with |[V| =v and ¢ < a + 1, has
the follower H = Kja 9v .1 4. We look at the followers of H:

o Hy = Kja-19v, 14 is an N position by our induction hypothesis, and by Theorem
3.5 for a = 2.

o Hy=Kiagi-1, 14, H3 = Kjagv o 94, and Hy = Kya g . 1 41 are N positions by our
induction hypothesis.

Hence, H is a P position and G is an N position.

(3) <=) Observe that the base case K2 92 45, where |V| = 15, is an N position by Lemma
3.4. Now assume that Kje 9s p n, with m > ¢ + 1, is an N position, for 15 < |V| < v — 2
when |V is odd. Then G = Kja g .4, with [V| = v and ¢ > a + 1, has the follower
J = Kja-19v . 4. We look at the followers of J:

o Ji = Kja29v.4 is an A position by our induction hypothesis, and by Lemma 1.3
for a = 2.
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o Jo=Kia1g-1,4, J3 = Kja-190 .14, and Jy = Kja-1 95 .41 are N positions by our
induction hypothesis.

Hence, J is a P position and G is an N position.

(1) =) Take G = Kt s ., with [V] 0dd, s, > 1, m,n > 2, and m < t+1. Note that all
the followers of G have an even number of vertices, and thus if m < ¢+ 1 we get that the
follower G = Kt 9s 1, is an N position by (1) < ). Similarly, if m < ¢, the follower
Gy = Kyt-19s ., 1s also an NV position by (1) < ). Note that the follower Gy = Kje-19s 4,
(when m =t > 1) is also an N position by (1) < ); the case t = 1 yields both m > 2,
and m < 2, which is a contradiction. Now, the follower G5 = Kt 9s-1,,, is an N position
by (1) <) (for s > 1); the case when s = 1 yields G5 = K¢, ,, which is an A position
by Lemma 3.2. Finally, the follower G4 = Kt 9s ;1 is an N position by (1) <) (for
n > 2); the case when n = 2 yields G4 = Kjt+1 9s 1y, which is an A position by Lemma 3.2.

(3) =) follows in almost the same way (1) =) did.

(2) Note that Kj253, is an A position by Lemma 3.4. Now assume Kje 9s 111, (Where
the smallest |V| can be is 10) is an N position, for all n and for all 10 < |V| < v, for
some v € N. Now consider G = Kja v 4114 be so that |V (G)| = v.

Suppose that v is odd. We look at the follower H = Kja-1 9 441 4 and its own followers:
Hl = Kla—2’2b’a+17d, H2 = Kla—172b—17a+17d7 H3 = Kla—1’2b7a7d7 and H4 = Kla—172b’a+1’d,1.
Since Hy, Hy, H; have an odd number of vertices and a + 1 > a, they are N positions
by (8) <). By our induction hypothesis, Hj is also an N position, which makes H a P
position. Hence, G is an N position.

Now suppose that v is even. We focus our attention on the follower J = Kja 9 , 4 and
on its followers: J; = Kja-190 44, J2 = Kja -1 44, J3 = Kjaov 41 4, and Jy = Kja ob 4 4-1-
Since Js, Js, J; have an even number of vertices and a < a + 1, they are N positions by
(1) <). By our induction hypothesis, J; is also an N position, making J a P position.
Thus, G is an N position. O

Since our Main Theorem simply merges the results in Lemma 4.1 with Lemma 3.2,
we have finished its proof. Next we illustrate, with an example, how to play Grim on a
graph that is considered in our Main Theorem.

Example 4.2 We consider K292 32, and we play by deleting the vertex in red (in the
diagram below). We see that after a few moves we get Kj2 55, which is an A position by
Example 2.2. Since at that point the next player to make a move is Player 1, we get that
K12 92 32 is won by Player 1, and thus it is also an A position. This result is consistent
with part (2) in Theorem 1.4, as m =3=2+1=1¢+ 1.
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