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Abstract - Our main source of inspiration was a talk by Hendrik Lenstra on harmonic
numbers, which are numbers whose only prime factors are two or three. Gersonides proved
675 years ago that one can be written as a difference of harmonic numbers in only four ways:
2—1,3—-2,4—3, and 9 — 8. We investigate which numbers other than one can or cannot
be written as a difference of harmonic numbers and we look at their connection to the abc-
conjecture. We find that there are only eleven numbers less than 100 that cannot be written
as a difference of harmonic numbers (we call these ndh-numbers). The smallest ndh-number
is 41, which is also Euler’s largest lucky number and is a very interesting number. We then
show there are infinitely many ndh-numbers, some of which are the primes congruent to 41
modulo 48. For each Fermat or Mersenne prime we either prove that it is an ndh-number
or find all ways it can be written as a difference of harmonic numbers. Finally, as suggested
by Lenstra in his talk, we interpret Gersonides’s theorem as “The abc-conjecture is true on
the set of harmonic numbers” and we expand the set on which the abc-conjecture is true
by adding to the set of harmonic numbers the following sets (one at a time): a finite set of
ndh-numbers, the infinite set of primes of the form 48k + 41, the set of Fermat primes, and
the set of Mersenne primes.
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1 Preliminary results

Lenstra’s talk [5] starts with the following definition introduced by the bishop, music
theorist, poet, and composer Philippe de Vitry, a.k.a. Philippus De Vitriaco (1291-1361):

Definition 1.1 A harmonic number is a number that can be written as a power of two
times a power of three.

Vitry found the following consecutive pairs of harmonic numbers: 1,2; 2.3; 3.4; 8,9. These
pairs correspond to the frequency ratios in the following musical intervals: octave, perfect
fifth, perfect fourth, major second (or whole tone). (In music, intervals with frequency
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ratios a power of two over a power of three, or vice versa, are called Pythagorean intervals.)
Vitry asked whether these are the only pairs of consecutive harmonic numbers, and his
question was answered in the affirmative by the mathematician, philosopher, astronomer,
and Talmudic scholar Levi ben Gershom, a.k.a. Gersonides (1288-1344). In his talk,
Lenstra gives the details of the original proof of Gersonides, whose idea was to look at
remainders modulo 8. We will give a different proof, using methods that are similar to
some that we will use in the other sections of this paper. In sections 2 and 3 we will also
make abundant use of remainders modulo 8.

Theorem 1.2 (Gersonides, 1342) The only ways to write 1 as a difference of harmonic
numbers are: 2' —3°, 22 — 31 31 — 2! and 3% — 23.

Proof. We show that the only two consecutive harmonic numbers greater than 4 are 8
and 9. If two harmonic numbers are consecutive, then one of them is a power of two and
the other one is a power of three. We assume first that 3" = 2™ + 1 and that m > 1, so
also n > 1. Then we have (2 + 1)" = 2™ + 1, and using the binomial theorem we obtain:

n(n —1)

5 22 4+n24+1=2"+1,

2" 42"
so after subtracting 1 from both sides and dividing by 2 we get
2" 42" 4t n(n—1)+n=2""1

Since n(n — 1) is even, we get that n = 2k for some integer k, and therefore 3% = 2™ +1.
We now look at the last digit of the number on the left: if £ = 2[ for some integer [, this
last digit is 1, which contradicts the fact that no power of 2 ends in 0. So k = 2/ + 1, and
thus 34+2 = 2™ 4+ 1, or (3% — 1)(32+1 + 1) = 2™. In conclusion, 3?1 — 1 = 2% for some
integer s, and if [ # 0, then s > 1, and, as in the beginning of the proof, where we showed
that n is even, we obtain that 2/ + 1 is even, a contradiction. Thus [ = 0, so n = 2 and
m = 3.

The other case is easier: we assume that 3" = 2™ — 1 and n > 1, so m > 2. Then, again
we have (24 1)" = 2™ — 1, and using the binomial theorem we obtain:

1
=D 4o —ogm g,

2"+ n2"
so after adding 1 to both sides and dividing by 2, we get
2"l 2" 2 4 ppn—1)+n+1=2"""1
Therefore, n is odd. But we can also write (4 — 1)" = 2™ — 1, so

4" — 4"t pd —1=2"— 1.

After adding 1 to both sides and dividing by 4 we get that n is even, a contradiction. [J

THE PUMP JOURNAL OF UNDERGRADUATE RESEARCH 1 (2018), 1-13 2



At the end of his talk, Lenstra mentions the famous abe-conjecture (see [3]). Roughly
speaking, it states that if the coprime (i.e. with no common prime factors) positive
integers a, b, and ¢ satisfy a +b = ¢, and if we denote by rad(n) the product of all distinct
prime divisors of n, then usually rad(abc) is not much smaller than ¢. One version of the
precise statement is the following:

The abc-conjecture (Oesterlé-Masser) For any € > 0 there exist only finitely many
triples (a, b, ¢) of coprime positive integers for which a + b = ¢ and ¢ > rad(abc)'*=.

Lenstra explains in his talk that the equalities involved in Theorem 1.2, namely 3" = 2™ +1
and 3" + 1 = 2™ roughly look like solutions to the equation from Fermat’s Last Theorem
(i.e. 2™ 4+ y™ = 2", just allow the exponents to be different), and that it is known that
Fermat’s Last Theorem can be derived from the abc-conjecture (see [3]). The direct
connection between Theorem 1.2 and the abc-conjecture is the following:

Corollary 1.3 The abc-conjecture is true on the set of harmonic numbers.

Proof. The only way to pick three (mutually) coprime numbers from the set of harmonic
numbers is the following: one of the numbers has to be 1, another one is a power of
two, and the last one is a power of three. Therefore, the corollary follows directly from
Gersonides’s Theorem. 0
Gersonides’s Theorem is also connected to another famous conjecture, proposed by Cata-
lan in 1844 and solved in 2002 by Preda Mihailescu. It is now called Mihailescu’s Theorem:

Theorem 1.4 [6] The only integer solutions greater than or equal to 2 of the equation
¥ —y=1
are v =3,y =2,z =2t = 3.

Mihailescu’s proof uses cyclotomic fields and Galois modules, but a weaker version of his
result, [7, Theorem 2, p. 146], which assumes that x and y are prime, can be proved with
elementary techniques similar to the ones used in our proof of Theorem 1.2. If we change
the definition of harmonic numbers by replacing 3 with another odd prime, the first thing
we notice is that we lose the music applications and therefore the justification for the
name. Other than that, [7, Theorem 2| becomes the analog of Theorem 1.2: it just says
that there will be no consecutive “new harmonic” numbers. Corollary 1.3 will also remain
true but it would be less interesting, mainly because the solution 1 + 23 = 3% has small
radical: in this case rad(abc) = rad(233%) = 6 < ¢ = 9 making it a “high quality” solution.

One of our goals will be to expand the set on which the abc-conjecture is true by adding
other numbers to the set of harmonic numbers. Even adding just one single number can
be tricky, e.g. proving that the abc-conjecture holds on the set of harmonic numbers and
the number 5 is quite hard (see the proof of Theorem 2.6 ii)).
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2 11 32 24 8| 32 16 16] 27 1 26] 54 16 38| 54 2 52324 256 68| 96 12 84
3 21| 16 8] 24 8 16] 243 216 27] 768 729 39] 54 1 53] 72 4 68 96 9 87
4 31| 12 4 8] 18 2 16| 108 81 271 48 9 39] 486 432 54| 96 27 69216 128 88
9 81 9 1 8] 81 64 17] 81 54 27| 256 216 40] 216 162 54] 81 12 69| 96 8 88|
6 42| 81 72 9] 18 117) 54 27 27] 72 32 40] 162 108 54] 72 3 69] 576 486 90
8 6 2] 27 18 9162 144 18| 36 9 27| 64 24 40] 108 54 54] 72 2 70162 72 90
18 16 2] 36 27 9] 54 36 18] 64 36 28] 48 8 40] 81 27 54| 72 1 71} 144 54 90
3 12 18 9 9] 72 54 18] 36 8 28] 96 54 42| 72 18 54| 648 576 72]108 18 90
4 22| 12 3 9] 36 18 18] 32 4 28] 54 12 42| 64 9 55| 216 144 72| 96 6 90
12 9 3] 64 54 100 27 9 18] 32 3 29| 48 6 42] 128 72 56| 288 216 72] 128 36 92
27 24 3| 16 6 10] 24 6 18] 192 162 30| 108 64 44] 72 16 56| 144 72 72| 108 16 92
6 3 3] 18 8 10] 27 8 19| 48 18 30| 48 4 44| 64 8 56] 108 36 72 9% 4 92
9 6 3] 12 2 10] 128 108 20] 54 24 30] 283 243 45| 81 24 57| 96 24 72| 96 3 93]
4 1 3| 27 16 11} 32 12 20] 36 6 30| 81 36 45| 64 6 58] 81 9 72] 256 162 94
16 12 4] 12 1 11} 36 16 20] 32 2 30] 72 27 45]384 324 60] 81 8 73] 96 2 94
36 32 4] 48 36 12| 24 4 20| 32 1 31] 54 9 45] 96 36 60] 128 54 74 96 1 95
8 4 41108 96 12| 48 27 21] 288 256 32] 48 3 45] 108 48 60] 81 6 75| 864 768 96
12 8 4] 24 12 12| 27 6 21] 128 96 32| 64 18 46] 72 12 60] 108 32 76| 384 288 96
6 2 4] 36 24 121 24 3 21] 9 64 32] 54 8 46] 64 4 60] 81 4 77] 288 192 96
32 27 5| 16 4 12| 54 32 22| 64 32 32| 48 2 46] 64 3 61] 96 18 781192 96 96
8 3 5] 18 6 12| 24 2 221 48 16 32| 128 81 47| 64 2 62| 81 3 78] 144 48 96
9 4 5]256 243 13| 32 9 23] 36 4 32] 48 1 47] 144 81 63] 81 2 79]128 32 96
6 1 5] 16 3 13] 27 4 23] 81 48 33| 432 384 48] 81 18 63] 512 432 80] 108 12 96
24 18 6| 32 18 14] 24 1 23] 36 3 33] 192 144 48] 72 9 63] 144 64 80| 162 64 98|
54 48 6| 18 4 14] 216 192 24| 162 128 34| 144 96 48| 64 1 63| 128 48 80| 243 144 99
18 12 6] 16 14] 9% 72 24] 36 2 34] 96 48 48] 576 512 64| 96 16 80} 108 9 99
12 6 6] 96 81 15] 72 48 24] 36 1 35] 72 24 48] 192 128 64] 81 1 80f 108 8 100
8 2 6] 24 9 15| 48 24 24]324 288 36] 64 16 48] 256 192 64] 729 648 81

9 3 6| 27 12 15| 36 12 24] 144 108 36] 54 6 48] 128 64 64] 243 162 81

16 9 7] 18 3 15] 32 8 24] 108 72 36] 81 32 49] 96 32 64] 324 243 81

8 17] 16 1 15) 27 3 24] 72 36 36] 54 4 50| 72 8 64] 162 81 81

9 2 7|144 128 16| 27 2 25| 54 18 36] 243 192 51| 81 16 65| 108 27 81

72 64 8| 48 32 16| 512 486 26] 48 12 36] 54 3 51]162 96 66] 192 108 84

24 16 8] 64 48 16| 32 6 26] 64 27 37] 64 12 52| 72 6 66] 108 24 84

Figure 1: Differences (up to 100) of harmonic numbers less than 1000.
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2 Numbers that cannot be written as differences of harmonic
numbers

We inspected the table of harmonic numbers less than 1000 given below:

1 3 9 27 81 243 729
2 6 18 54 162 486

4 12 36 108 324 972

8§ 24 72 216 648

16 48 144 432

32 96 288 864

64 192 576

128 384

256 768

012

and we saw that the first few tens of natural numbers can all be written as a difference of
harmonic numbers in this table. Then we asked whether there are any positive integers
that cannot be written as a difference of harmonic numbers.

Definition 2.1 A positive integer is called an ndh-number if it cannot be written as a
difference of harmonic numbers.

Figure 1 lists all numbers up to 100 that are differences of harmonic numbers less than
1000. We noticed that there are eleven numbers missing, and we checked with a Java
program that these eleven numbers cannot be written as differences of harmonic numbers
with some higher exponents. In the next result we prove that these eleven numbers
are ndh-numbers, so together with Figure 1 this shows that these integers are the only
ndh-numbers in the first 100 positive integers.

Theorem 2.2 The numbers 41,43,59, 67,82, 83,85, 86,89, 91, and 97 are ndh-numbers.

Proof. Among the eleven numbers we have nine odd and two even.

We focus on the odd ones first, and note that none of them are divisible by 3. If one
of them is a difference of harmonic numbers, that difference is either 2™ — 3™ or 3" — 2™.
We show first that none of them can be written as 2™ — 3". Since 2™ — 3" > 41, it
follows that 2™ > 41, so m > 6. We start with 85 and we see that if 85 = 2™ — 3",
remainders modulo 8 tell us that n must be odd. Then 3™ ends in 3 or 7, so 2™ ends in 8
or 2, respectively. This means that m is also odd. Then we have (3 — 1) = 3" + 85, or
3™ —m3™ 4+ ... +3m — 1= 3"+ 85, and this is a contradiction because 3 { 86. So 85
cannot be written as 2™ — 3".

All the remaining eight odd numbers are either of the form 8k + 1 (41, 89, 97) or
8k + 3. None of them can be written as 2" — 3", which has remainder modulo 8 either
7 or 5. In conclusion, none of the nine odd numbers in the statement can be written as
2m — 3™,
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Now we show that none of the odd numbers can be written as 3" — 2™. Again, we
start with 85 and we see that if 85 = 3" — 2™, then n > 5 and m > 8, and the remainders
modulo 8 are 5 on the left and 1 or 3 on the right, a contradiction. So 85 cannot be
written as 3" — 2.

We next show that none of the numbers of the form 8k + 1, i.e. 41, 89, and 97 can be
written as 3™ — 2. Since it is clear that m > 4, if 8k + 1 = 3" — 2™, then we have that
the remainder of 3" modulo 8 is 1, so n = 2s is even. Since 41 and 89 have remainder
2 modulo 3, in their cases m = 2t is also even. Also, 97 = 3" — 2™ = (8§ +1)°* — 2" =
8545851 +...4+85+1—2™ shows that s is even, which means that 3" ends in 1, hence 2™
ends in 4, thus m = 2t is even for all three numbers. But then 3" —2™ = (35 —2")(35+2"),
so 3% — 2! = 1 because all of 41, 89 and 97 are prime. By Theorem 1.2 we get that either
s=2and t=3or s=t=1, but neither of them is possible.

We now show that none of the remaining odd numbers, which are all of the form
8k + 3, can be written as 3" — 2™. Taking remainders modulo 8 we see that for all of
them n = 2s 4+ 1 has to be odd. Then 3" ends in 3 or 7. It follows that 3" — 43 ends in
4 and 3" — 67 ends in 6 (because no power of 2 ends in 0). This means that for both 43
and 67, the value of m would be even and we would have

B—1)"=3"—m3™ ... —3m+1=3"—1,

where [ is either 43 or 67. This cannot happen because 3 1 44 -68. This shows that neither
of 43 and 67 can be written as a difference of harmonic numbers.
We now show that none of 59, 83, and 91 can be written as 32**! — 2. Indeed, if

3(8+ 1) = 2™ 4, (1)
where u € {59,83,91}, then
3-8 4388 4. +3.85+3=2"+u,
SO
3-8 +3s8 1. 4+3.85=2"+0,
where v € {56, 80,88}, and after dividing by 8 (note that m > 4) we get

3-8 438+ +35 =27+,

where w € {7,10,11}.

For w = 7 we get that 3s — 7 is even, so s is odd, and hence the left hand side of (1)
ends in 7. Then 2™ ends in 8 and m is odd. Then 3" = 3™ —m3™ ! + ... +3m — 1 + 59,
which is a contradiction because 3 1 58.

For w = 10 we get that 3s — 10 is even, so s is even, hence the left hand side of (1)
ends in 3. Then 2™ ends in 0, a contradiction.

For w = 11 we get that s is odd, and hence the left hand side of (1) ends in 7. Then
2™ ends in 6 and m = 2t is even. Then 3" = 4 +91 = 3 + 31t + ... + 3t + 1 + 91,
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which is a contradiction because 3 1 92. In conclusion, none of the nine odd numbers in
the statement can be written as a difference of harmonic numbers.

We end by showing that neither 82 nor 86 can be written as a difference of harmonic
numbers. They cannot be written as a difference of even harmonic numbers because 41
and 43 are ndh-numbers. Then they would have to be written as a difference of two odd
harmonic numbers, i.e. 3" — 1. This is not possible because neither 83 nor 87 are powers
of 3, and the proof is complete. ([l

The smallest ndh-number (i.e. 41) appears in a lot of places playing many roles,
like a character actor. It is Euler’s largest lucky number, a Newman-Shanks-Williams
prime, a Sophie Germain prime, an Eisenstein prime, a Proth prime, and (according to
the theologian and musicologist Friedrich Smend) it even appears in the works of J. S.
Bach (yes, the composer!). Smend claimed in [12] that J. S. Bach regularly used the
natural-order alphabet method, which consists of assigning numbers to letters according
to the rules: A=1, [,J=9, U,V=20, Z=24, and then encoding each word by the sum of
the numbers corresponding to the letters in that word. One of Smend’s examples is (see
[15]) the Canon a 4 voce written in 1713 for his second cousin Johann Gottfried Walther,
in which Smend claims that Bach used his own last name as the number of bars:

B A C H = 14
2 + 1 + 3 + 8

and his cousin’s last name as the number of sounding notes:

w A L T H E R = 82
2 + 1 + 11 + 19 + 8 + 5 + 17

Smend also points out that Bach’s full name is exactly half of Walther’s last name:

J. S. B A C H = 41.
9 + 8 + 2 + 1 + 3 + 8

Smend’s theory was adopted by many people who interpreted the number of bars
and notes in Bach’s scores according to the natural-order alphabet. Musicologist Ruth
Tatlow studied the plausibility of Smend’s claims in [15], challenged his conclusions, and
recommended caution in using his theory. As far as our paper is concerned, the last two
numbers (41 and 82) are ndh-numbers, while 14 can be written as a difference of harmonic
numbers in the following ways: 16 — 2,18 — 4, and 32 — 18 (see Figure 1 and Theorem 3.1
ii) for the proof). As we will soon see, 41 will play more roles in this section.

As a direct consequence of the definition of ndh-numbers we have the following:

Proposition 2.3 The abc-conjecture is true on the set of harmonic numbers joined with
a finite set of ndh-numbers.

Proof. Since we only have finitely many ndh-numbers, the only way to possibly get
infinitely many solutions is if at most one of the three numbers is an ndh-number. O

The following result shows, in four different ways, that there are infinitely many ndh-
numbers.
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Theorem 2.4 The following assertions hold:

i) 2"41 is an ndh-number for all n.

it) 3"41 is an ndh-number for all n.

iii) If x is an ndh-number then either 2z or 3z is an ndh-number.

iv) Any prime number of the form 48k + 41 is an ndh-number. Note that by Dirichlet’s
Theorem [1] this set is infinite because 48 and 41 are relatively prime.

Proof. i) If n < 1 this follows from Theorem 2.2. If n > 2 and 2"41 is a difference
of harmonic numbers then we must have 2741 = 3F — 1 50 241 = 2+ 1) -1 =
2F + k2k=1 ... 4+ 2k and hence k is even. Since neither 4-41+1 nor 8-41+1 are powers of 3
it follows that n > 4. But then k = 2/ and 2741 = 3% —1 = (9—1)(9" ' +9' 2+ .. +941),
so we get that [ is even. It follows that 3% — 1 ends in 0 so 5 | 2"41, a contradiction.

ii) By Theorem 2.2 we assume that n > 1. Since 3"41 is odd, if it is a difference of
harmonic numbers we need to have (after possibly canceling the 3’s) that 3™41 = 2F — 1
where k£ > 3. Now the left hand side is congruent to 1 or 3 modulo 8 while the right hand
side is congruent to 7 modulo 8, a contradiction.

iii) If = is not divisible by 2 or 3 this is easy, because if both 3z and 2z are differences
of harmonic numbers we have that 3z = 2™ — 1 and 2z = 3" — 1. Subtracting the two
equalities we get that x is a difference of harmonic numbers, a contradiction.

The general case is hard. Let x = 2471371y where 2 { y and 3 { y and assume that
2r = 273¥ — 23! and 3z = 2“3Y —2*3". Note that since z is an ndh-number, so is . Then
z,8 > 1 would contradict the fact that x is an ndh-number, and if just one of them is at
least 1 we get that 2 divides a power of 3. In conclusion, we get that 22 = 3% — 3¢, and by
the Fundamental Theorem of Arithmetic we obtain that t = b— 1, so 2%y = 3°— 1, where
c=w — b+ 1. Similarly we get that 3’y = 2% — 1. Then we can write y in two ways:

3—1 291
Qa 3

This means that 3°T¢ — 2074 = 3% — 24, By [10, Theorem 4] or [14] (the proof is too long
to include) there are only three solutions. The first one is @ = b = ¢ = 1 and d = 2 which
gives y = 1. The second one is a = 3, b = 1, and ¢ = d = 2 which also gives y = 1.
Finally, the third one is a = 4, b = 1, and ¢ = d = 4 which gives y = 5. Since neither 1
nor 5 are ndh-numbers, the proof is complete.

iv) Assume that p = 48k + 41 is prime. Because p is odd, if p is a difference of harmonic
numbers we are in one of the following three cases.

Case 1. p =48k + 41 = 3" — 2™ with m > 1. Taking remainders modulo 8 on both sides
we see that m > 3 and n = 2t is even (note that m # 1 because 3 {43). If m is odd then
48k +41 =3"— 3™+ m3™ ! — ... —3m + 1 so0 3 | 40, a contradiction. Hence m = 2s is
also even. Now p = 48k + 41 = (3" — 2°)(3" + 2%) and since p is prime we get 3" — 25 =1
so by Theorem 1.2 we get t =s=1ort=2and s=3. Thismeansn=m=2orn=4
and m = 6 neither of which are possible.

Case 2. p =48k + 41 = 2™ — 3" so m > 6. The remainders modulo 8 are 1 on the left
and 7 or 5 on the right, a contradiction.

Case 3. p = 48k + 41 = 23! — 1, where s,t > 1, because 6 divides p + 1. Then
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48k + 42 = 6(8k + 7) = 2°3'. By the Fundamental Theorem of Arithmetic we get s = 1
and 8k + 7 = 3!, The remainders modulo 8 are 7 on the left and 1 or 3 on the right, a
contradiction. OJ

We remark that it is not true that if z is an ndh-number then 2z is an ndh-number.
Since 91 is an ndh-number by Theorem 2.2, if this would be true then 2391 would be an
ndh-number. However 2391 = 728 = 35 — 1. The implication x is an ndh-number implies
3z is an ndh-number fails as well. We have that 85 is an ndh-number by Theorem 2.2,
but 3 -85 =255 =28 — 1.

We can now add infinitely many numbers to the set on which the abc-conjecture holds:

Corollary 2.5 The abc-conjecture is true on the set of harmonic numbers joined with the
infinite set of primes of the form 48k + 41.

Proof. Clearly a, b, and ¢ cannot be all prime from the added set. If two of them are
prime and one of them is ¢ then rad(abc) > ¢. We show now that we can’t have that
a and b are prime from the added set and ¢ is harmonic. Indeed, if this is the case we
get 48K + 82 = 2°3! and ¢t = 0 because 3 1 82. Then we get 24k + 41 = 257! which is a
contradiction because the left hand side is odd.

Finally, we consider the case when two of the numbers are harmonic: if the prime is
¢ then the radical is big. If the prime is a or b there are no solutions by Theorem 2.4 iv).
O

We end this section by investigating in how many ways the Fermat primes can be
written as a difference of harmonic numbers. Recall that a Fermat prime is a prime
number of the form Fj, = 22" +1. So far only five Fermat primes are known: Fj = 3, F} =
5, Fy, = 17, F3 = 257, and Fy, = 65537. In the next result we investigate how a Fermat
prime can be written as a difference of harmonic numbers.

Theorem 2.6 The following assertions hold:

i) The only ways to write 3 as a difference of harmonic numbers are:
4—-1,6—-3,9—-6,12—-9, and 27 — 24.

i1) The only ways to write 5 as a difference of harmonic numbers are:
6—-1,9—4,8—3, and 32 — 27.

iii) The only ways to write 17 as a difference of harmonic numbers are:
18 — 1 and 81 — 64.

iv) Any Fermat prime Fj, = 22" 4 1 with k > 3 is an ndh-number.

Proof. i) Let 3 = h — k, where h, k are harmonic numbers. If neither of h and k are
divisible by 3 then, since one of them is odd and the other one is even it follows that
k =1 and h is a power of two, so h = 4 and we obtain the first difference. If both h and
k are divisible by 3, then h = 3h; and k = 3k;, where h; and k; are consecutive harmonic
numbers and so by Theorem 1.2 we obtain the last four differences.

ii) The first two cases are really easy: 5 = 253" — 1 gives us the first difference: 5 = 6 — 1.
The second case 5 = 3" — 2™ is Problem 9 in Section XVI of [8] and is also very easy:
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assume that 5 = 3" — 2™ and note that m > 2. On the other hand m cannot be > 3
because the remainders modulo 8 on the two sides would not match (5 on the left and 1
or 3 on the right) so m = n = 2 and this gives us the second difference in the statement:
5 =9 —4. As Lenstra says, sometimes all the difficulty hides in the last case: we have to
solve 5 = 2™ — 3", This is a lot tougher than it looks. For the sake of completeness we
will give the ingenious proof of Guy, Lacampagne, and Selfridge from [4], as presented in
[13]. We will denote by U, the group of units of Z,. Buckle up, here we go: we first find
the last two differences by inspection and show there are no other solutions. We write
5=2m—3"=2"—3% Then 2522 — 1) = 333 — 1) where a = m — 5 and b = n — 3.
We assume that @ > 1 and b > 1 and look for a contradiction. Now 27 = 33 | 2 — 1
but 81 1 2% —1s0 9 | a (because 18 = ord(2)y,,) but 27 { a (because 54 = ord(2)y, ).
Now 2° =32 | 3* — 1, so 8 = ord(3)y,, | b. Then, using the factorization tables in [2] we
find our friend 41 playing a role here as well: 41 | 3% — 1 = 41 - 160, so 41 | 3° — 1 hence
41 | 2 — 1 and therefore 20 = ord(2)y,, | a. Now 11]2%* —1=11-95325so 11 | 2% — 1.
Hence 11 | 3* =150 5 = ord(3)y,, | b. Since 7 =23 —1] 2% —1 we obtain that 7 | 3* — 1 so
6 = ord(3), | b. It follows that 5-6 = 30 | b and since 271 | 330 — 1 = 271 - 759745874888
so 271 | 2* — 1 and 27 -5 = 135 = ord(2)y,,, | @, a contradiction.
We will prove iii) and iv) together. Let & > 2 and try to write F}, = 22" 41 as a difference
of harmonic numbers. We have the following possibilities:
Case 1. 22" +1 =23 —1. Then 2(22"~* + 1) = 2°3', s0 by the Fundamental Theorem of
Arithmetic s = 1 and 22~ 4+ 1 = 3. By Theorem 1.2 we get that k = ¢ = 2 (recall that
k > 2). In conclusion we get the first difference in iii): 17 = 18 — 1.
Case 2. 22" +1 = 3" — 2™ Tt is easy to see that m ¢ {0,1,2}, so after taking remainders
modulo 8 on both sides we see that n = 2r is even. Now if m is odd we get 22 4] =
3" —(3—=1)"=3"—3"+m3™ ' —... —3m+1, s0 3| 2%, a contradiction. Therefore
m = 2t is also even. Now 22" +1 = (3" — 2!)(3" + 2) so 3" — 2! = 1 and by Theorem 1.2
r=t=1orr=2andt=3. The first option is not possible, so we are left with n = 4
and m = 6 which gives us the second difference in iii): 17 = 81 — 64.
Case 3. 22" +1 =2m — 3", Since m > 3 this cannot happen because reminders modulo 8
on the two sides do not match (1 on the left and 7 or 5 on the right).
This concludes the proof of the theorem because in all cases with solutions we ended up
with k£ = 2. OJ
We now add all Fermat primes to the set of harmonic numbers and we prove that the
abc-conjecture still holds on this new expanded set.

Corollary 2.7 The abc-conjecture is true on the set of harmonic numbers joined with the
set of Fermat primes.

Proof. A solution cannot have all three Fermat primes because they are all odd. If ¢
is a Fermat prime, then rad(abc) > c¢. So we have to look at the case when one or both
of a and b are Fermat primes. The cases when only one of them is a Fermat prime or
both of them are Fermat primes but one of them is 3 are both covered by Theorem 2.6.
Now if 22° + 1+ 22 +1 = 253 and k,1 > 1, then 2(2%~1 + 22'-1 4+ 1) = 23!, By the
Fundamental Theorem of Arithmetic we get that s = 1 and 22"~1 + 22'~1 4+ 1 = 3¢, Since

THE PUMP JOURNAL OF UNDERGRADUATE RESEARCH 1 (2018), 1-13 10



both exponents on the left are odd it follows that the remainder modulo 3 on the left is
242+ 1=2 (mod 3), a contradiction. O

3 Numbers that can be written as differences of harmonic num-
bers

A Mersenne prime is a prime number of the form 27 — 1 (it is easy to see that if 2P —
1 is prime, then p is also prime). The first three Mersenne primes are 3, 7, and 31,
corresponding to values of p = 2, 3, and 5. There are currently less than 50 known
Mersenne primes. In this section we investigate how a Mersenne prime can be written as
a difference of harmonic numbers.

Theorem 3.1 The following assertions hold:

i) The only ways to write 3 as a difference of harmonic numbers are:
4—-1,6—-3,9—-6,12 -9, and 27 — 24.

it) The only ways to write 7 as a difference of harmonic numbers are:

8—-1,9—-2, and 16 — 9.

iii) For any Mersenne prime 2P — 1 with p > 5 there is no other way to write it as a
difference of harmonic numbers.

Proof. i) This was proved in Theorem 2.6 i) (3 is also a Fermat prime).

ii) This statement is actually the union of Problems 1 and 10 in Section XVI of [8], but
again we will give a proof for the sake of completeness (our proof is essentially the same
as the one given in [8]).

If 3" = 2™ + 7, then n > 2. We cannot have m > 3 because the remainder of 3"
modulo 8 cannot be 7 (it is either 1 or 3). Therefore m € {0,1,2} and the only solution
is m = 1 and n = 2, which gives the difference 9 — 2.

If2m—3" =7, then m > 3. If n =0, then m = 3 and this gives us the difference 8 — 1.

If n # 0, then the remainder of 2™ = 3" +7 = 3" + 6 4+ 1 modulo 3 is 1, so m = 2l is even
and [ > 2, because m > 3. On the other hand, 3" = 2™ — 7 = 2™ — 8 4+ 1 has remainder
1 modulo 8, so n = 2k is also even. Then 7 = 2™ — 3" = 2% — 3%k = (2! — 3k)(2! + 3%).
Therefore 2! —3¥ = 1, and so | = 2 and k = 1 by Theorem 1.2. This gives us the last
difference, 16 — 9.
iii) Let p > 5 be a prime, and assume that 2 — 1 = 2™ — 3", It follows that m > 5.
If n = 0, then m = p. We assume that n # 0 and look for a contradiction. We
have that 3" = 2™ — 2P 4+ 1 = 1 (mod 8), so n = 2k is even. If m is odd, we have
2 —-1=3-1)"—-3"=3"—m3" ' +..-+3m—1-—23" and so 3 | 27, which is not
possible. Thus m = 2 is also even. Now 2P — 1 = 2% — 3%F = (2! — 3%)(2! + 3¥). Since
2P —1 is prime, we get that 2! —3% = 1, so by Theorem 1.2 we have [ = 2, therefore m = 4,
which contradicts m > 5.

We assume now that 27 — 1 = 3" — 2™ son > 4. Since 2 — 1 =7 (mod 8) and 3" =
1 or 3 (mod 8), it follows that m < 2. Since m # 1 by Theorem 1.2, the only possibility
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is 3" = 3 (mod 8) and m = 2. Then 2 — 1 = 3" — 4, from which we get again that 3 | 27,

which is a contradiction and the proof is complete. O
Theorem 3.1 allows us to obtain our last expansion of the set on which the abc-

conjecture holds by adding the Mersenne primes to the set of harmonic numbers.

Corollary 3.2 The abc-conjecture is true on the set of harmonic numbers joined with the
set of Mersenne primes.

Proof. Let’s see how many of the three numbers in the statement of the conjecture can
be Mersenne primes. It is clear that not all of them can be Mersenne primes, because the
sum of two Mersenne primes is even and thus can’t be a Mersenne prime.

Let’s see if two of them can be Mersenne primes (and so the third one must be
harmonic).We start by showing that the sum of two Mersenne primes cannot be harmonic,
with the exception of 3 + 3 = 6. Indeed, if 2 — 1 + 27 — 1 = 2"3° we have that

2(2P71 42971 — 1) = 273°,
so r = 1 by the Fundamental Theorem of Arithmetic, and
Pt o0l ] =3, (2)

If both p and ¢ are greater than 4, then the left hand side of (2) is congruent to 7 modulo
8, while the right hand side is congruent to 1 or 3 modulo 8. Therefore one of them, say
p, has to be 2 or 3. If p = 2, it follows that 297! 4+ 1 = 3%, so by Theorem 1.2 we get
g—1=10r ¢g—1=3. The first case gives the solution 3+ 3 = 6, while the second one is
not acceptable because 4 is not prime. If p = 3 we get that 297! 4+ 3 = 3% which is another
contradiction.

Now, if ¢ is a Mersenne prime, then it is smaller than rad(abc). Finally, the case when
one of a or b is the only Mersenne prime in the triple is covered by Theorem 3.1. U
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